CS101 (Fall 2005) Special Topics in Computer Science
Language-Based Security

A-Calculus Evaluation

Notation:
e—v Expression e evaluates to (computes to) value v
A - A
2L " Whenever assumptions A; are true, the conclusion C' must be true as well. If n is 0, C must be true unconditionally.
C

Numbers and functions are values:
n—mn Ax:t.e— Az :te

€1 —MN1 €2 —> Ny N =T"N10pPN2

Binary operations:
€1 o0pey —mMN

el — \x:te] e — v €jv/z] — v

Function applications:
e] eg — v’

Here €] [v/z] stands for the result of substitution of the value v for the variable x in expression €.

A-Calculus Evaluation Example

3+1=4
3—3 1 —1
Azz+1— 3—3 3+41—4 44+1=5
Az.z+1 4—4 1—1
Ayy+1-— A2z +1)3 —4 441—5
Ayy +1
(/\f./\x.f (f 1:)) Az +1) — 3,3 (Ayy+1) (()\z.z—i—l) 3) —5

Az ((/\y.y +1) (Az.2 + 1) x))

((Af.)\x.f (f 2)) \wx+ 1)> 3—5



A-Calculus Typing Judgements

Notation:
ect Expression e has type t

xy:ty;ocjan ity B e€t  Provided each variable x; has type t;, the expression e (which might have x; in it) has type ¢

A-Calculus Typing Rules

Here I and A stand for arbitrary number of hypotheses in a sequent.

I'Fe €int T'F es € int I'Fe€et; -t T'Hex ety izt Feety
—  (Const) (Var) (Binop) (Apply) (Fun)
I' F ne€int Liz:t;AFxet 't eyopes € int I'F (e e2) € to PEXx:tie€(ty — ta)

A-Calculus Typing Example

V) T )

f:int — int; f:int — int;
z:int x:int
W) f €int — int T € int W
\% A
fiint — int; f:int — int;z:int F (f ) € int
x:int
; : _—(V) —— (C
f € int — int (A) z:int v z:int «©
f:int — int;z:int b f (f z) € int " Z € int 1€ int
(B)
f:int — int F Az :int.f (f z) € int — int " z:int F £+ 1€ int -
F Af:(int — int).A\z:int.f (f ) € (int — int) — (int — int) F Az:int.x+ 1€ int — int " ©)
F (Af:(int — int) Az :int.f (f #)) (Az:int.x + 1€ int — int F 3 € int

F (()\f :(int — int).Az:int.f (f 2)) (A\z:int.z + 1)) 3 € int
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