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λ-Calculus Evaluation
Notation:

e −→ v Expression e evaluates to (computes to) value v

A1 · · · An

C
Whenever assumptions Ai are true, the conclusion C must be true as well. If n is 0, C must be true unconditionally.

Numbers and functions are values:
n −→ n λx : t.e −→ λx : t.e

Binary operations:
e1 −→ n1 e2 −→ n2 n = n1 op n2

e1 op e2 −→ n

Function applications:
e1 −→ λx : t.e′1 e2 −→ v e′1[v/x] −→ v′

e1 e2 −→ v′

Here e′1[v/x] stands for the result of substitution of the value v for the variable x in expression e′1.

λ-Calculus Evaluation Example

· · ·(
λf.λx.f (f x)

)
(λx.x + 1) −→

λx.

(
(λy.y + 1)

(
(λz.z + 1) x

)) 3 −→ 3

λy.y + 1 −→
λy.y + 1

λz.z + 1 −→
λz.z + 1

3 −→ 3
3 −→ 3 1 −→ 1

3 + 1 = 4

3 + 1 −→ 4

(λz.z + 1) 3 −→ 4
4 −→ 4 1 −→ 1

4 + 1 = 5

4 + 1 −→ 5

(λy.y + 1)
(
(λz.z + 1) 3

) −→ 5

((
λf.λx.f (f x)

)
(λx.x + 1)

)
3 −→ 5



λ-Calculus Typing Judgements
Notation:

e ∈ t Expression e has type t
x1 : t1; · · · ; xn : tn ` e ∈ t Provided each variable xi has type ti, the expression e (which might have xi in it) has type t

λ-Calculus Typing Rules
Here Γ and ∆ stand for arbitrary number of hypotheses in a sequent.

Γ ` n ∈ int
(Const)

Γ;x : t;∆ ` x ∈ t
(Var)

Γ ` e1 ∈ int Γ ` e2 ∈ int

Γ ` e1 op e2 ∈ int
(Binop)

Γ ` e1 ∈ t1 → t2 Γ ` e2 ∈ t1

Γ ` (e1 e2) ∈ t2
(Apply)

Γ;x : t1 ` e ∈ t2

Γ ` λx : t1.e ∈ (t1 → t2)
(Fun)

λ-Calculus Typing Example

f : int → int;
x : int `

f ∈ int → int

(V)

f : int → int;
x : int `

f ∈ int → int

(V)
f : int → int;

x : int `
x ∈ int

(V)

f : int → int;x : int ` (f x) ∈ int
(A)

f : int → int;x : int ` f (f x) ∈ int
(A)

f : int → int ` λx : int.f (f x) ∈ int → int
(F)

` λf : (int → int).λx : int.f (f x) ∈ (int → int) → (int → int)
(F)

x : int `
x ∈ int

(V)
x : int `

1 ∈ int

(C)

x : int ` x + 1 ∈ int
(B)

` λx : int.x + 1 ∈ int → int
(F)

` (
λf : (int → int).λx : int.f (f x)

)
(λx : int.x + 1 ∈ int → int

(A)

` 3 ∈ int
(C)

`
((

λf : (int → int).λx : int.f (f x)
)

(λx : int.x + 1)
)

3 ∈ int

(A)


